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Abstract
We point out a caveat in the proof for automatic O(a) improvement in twisted mass lattice
QCD at maximal twist angle. With the definition for the twist angle previously given by Frezzotti
and Rossi, automatic O(a) improvement can fail unless the quark mass satisfies mq ≫ a2Λ3QCD.
We propose a different definition for the twist angle which does not require a restriction on the
quark mass for automatic O(a) improvement. In order to illustrate explicitly automatic O(a)
improvement we compute the pion mass in the corresponding chiral effective theory. We consider
different definitions for maximal twist and show explicitly the absence or presence of the leading
O(a) effect, depending on the size of the quark mass.
PACS numbers: 11.30.Hv, 11.30.Rd, 12.39.Fe, 12.38.Gc
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I. INTRODUCTION
Recently more and more evidence has been accumulated that the twisted mass formula-
tion of lattice QCD (tmLQCD) [1, 2] with Wilson fermions has significant advantages com-
pared to its untwisted counterpart (for reviews on the subject see Refs. [3, 4]). The presence
of a non-zero twisted mass term protects the Dirac operator against very small eigenval-
ues and consequently solves the problem of “exceptional configurations” in the quenched
approximation [5, 6]. The absence of these small eigenvalues is also very beneficial in un-
quenched simulations [7]. Recent results indicate that unquenched simulations with twisted
mass Wilson fermions are comparable in numerical cost to unquenched simulations with
staggered fermions [8]. Moreover, a twisted mass term simplifies the renormalization of ma-
trix elements of certain local operators such as the isotriplet axial current and the isosinglet
scalar density. Finally, it has been shown in Refs. [9, 10] that hadronic masses and certain
matrix elements are automatically O(a) improved at maximal twist.
The automatic O(a) improvement is quite remarkable since it does not require the com-
putation of any improvement coefficients in the standard improvement program laid out
by Symanzik [11, 12, 13]. This is a significant advantage taking into account that a non-
perturbative determination of all improvement coefficients can be quite demanding.
In this paper we point out a caveat in the proof of automatic O(a) improvement given in
Ref. [9]. This caveat has its origin in the way the twist angle is defined. With the definition
in Ref. [9] one can show that, under certain conditions, automatic O(a) improvement is only
guaranteed if the quark mass satisfies the condition mq ≫ a2Λ3QCD. Many current lattice
simulations, in particular unquenched simulations, probably do not satisfy this inequality
well enough and automatic O(a) improvement might be lost.
The restriction due the conditionmq ≫ a2Λ3QCD, however, is not a fundamental limitation.
In fact, the restriction is entirely due to the way the twist angle is defined. In this paper
we propose an alternative definition for the twist angle, and with this definition automatic
O(a) improvement at maximal twist holds without any restriction on mq.
The differences between the different definitions for the twist angle and its consequences
for automatic O(a) improvement can be explicitly demonstrated using Wilson Chiral Pertur-
bation theory (WChPT), i.e. the chiral effective theory for lattice QCD with Wilson fermions
[14, 15, 16, 17] (for a review see Ref. [18]). As an example we compute the pion mass includ-
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ing the leading lattice spacing contributions in this effective theory. We explicitly show that
the pion mass is O(a) improved as long as the inequality mq ≫ a2Λ3QCD holds. However,
uncanceled O(a) cut-off effects are present if this bound is violated and the definition in Ref.
[9] for maximal twist is used. On the other hand, if we define maximal twist employing our
alternative definition, this O(a) contribution is absent for any value of the quark mass.
This paper is organized as follows. In section 2 we briefly repeat the argument in Ref. [9]
for automatic O(a) improvement at maximal twist angle and point out where it can fail. We
also propose an alternative definition for the twist angle, which guarantees automatic O(a)
improvement irrespective of the size of mq. In section 3 we set up WChPT for tmLQCD
and use it in section 4 to discuss O(a) improvement of the pion mass for different definitions
of maximal twist. Some final remarks are made in section 5.
II. CRITICAL QUARK MASS AND TWIST ANGLE
A. Automatic O(a) improvement at maximal twist
First we briefly repeat the argument given in Ref.[9] for automatic O(a) improvement at
maximal twist angle. For convenience we follow the notation introduced in this reference.
The fermion mass term of tmLQCD with Wilson fermions is defined as
ψ¯ph(x)
[(
−ar
2
∑
µ
∇⋆µ∇µ +Mcr(r)
)
exp(−iωγ5τ3) +mq
]
ψph(x) (1)
in the so-called physical basis, while it becomes
ψ¯(x)
[(
−ar
2
∑
µ
∇⋆µ∇µ +Mcr(r)
)
+mq exp(iωγ5τ3)
]
ψ(x) (2)
in the so-called tm-QCD basis if one performs the field redefinition
ψph = exp(i
ω
2
γ5τ3)ψ, ψ¯ph = ψ¯ exp(i
ω
2
γ5τ3). (3)
Here Mcr(r) denotes the critical quark mass and mq is the subtracted quark mass defined
by mq = m0 −Mcr(r) with the bare quark mass m0. Setting the twist angle ω to zero the
critical mass cancels and the standard Wilson mass term remains. This is no longer true for
non-zero twist.
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A particular definition for Mcr(r) is not relevant for the following argument. However, a
crucial assumption is that the critical massMcr(r) is an odd function of the Wilson parameter
r,
Mcr(−r) = −Mcr(r). (4)
Provided that this is true, one can show that any observable 〈O〉(r,mq, ω)1 can be O(a)
improved by either taking the Wilson Average (WA), defined as
〈O〉WA(r,mq, ω) ≡ 1
2
[〈O〉(r,mq, ω) + 〈O〉(−r,mq, ω)] , (5)
or by taking the Mass Average (MA)
〈O〉MA(r,mq, ω) ≡ 1
2
[〈O〉(r,mq, ω) + (−1)PR5 [O]〈O〉(r,−mq, ω)] . (6)
The factor (−1)PR5 [O] is called the R5-parity of the operator O [9]. O(a) improvement means
that
〈O〉WA(r,mq, ω) = 〈O〉cont(mq) +O(a2), (7)
〈O〉MA(r,mq, ω) = 〈O〉cont(mq) +O(a2). (8)
Using this one can show that any observable even in ω is automatically O(a) improved at
ω = ±π/2 as follows. Consider the Twist Average (TA) at ω = ±π/2:
〈O〉TA(r,mq, ω = π
2
) ≡ 1
2
[
〈O〉(r,mq, ω = π
2
) + 〈O〉(r,mq, ω = −π
2
)
]
. (9)
The expectation value at ω = −π/2 on the right hand side is equal to the expectation value
at ω = 2π − π/2 = π + π/2, and the mass term in the action, eq.(1), becomes
ψ¯ph(x)
[(
−ar
2
∑
µ
∇⋆µ∇µ +Mcr(r)
)
exp(−i
(
π +
π
2
)
γ5τ3) +mq
]
ψph(x)
= ψ¯ph(x)
[(
−a−r
2
∑
µ
∇⋆µ∇µ +Mcr(−r)
)
exp(−iπ
2
γ5τ3) +mq
]
ψph(x), (10)
provided that −Mcr(r) = Mcr(−r). Hence the twist average at ω = π/2 is given by
〈O〉TA(r,mq, ω = π
2
) =
1
2
[
〈O〉(r,mq, ω = π
2
) + 〈O〉(−r,mq, ω = π
2
)
]
, (11)
1 〈O〉(r,mq , ω) denotes the expectation value of a local and gauge invariant operator, where the dependence
on r, mq and ω is made explicit.
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which is nothing but the Wilson average in eq. (5) and therefore O(a) improved. If, in
addition, the observable O is even in ω,
〈O〉(r,mq, ω = ±π
2
) = 〈O〉TA(r,mq, ω = π
2
), (12)
the observable O is automatically O(a) improved without taking an average. Important
examples of ω even quantities are hadronic masses and some matrix elements [9].
B. The critical mass
A crucial assumption for the results of the previous subsection is that the critical mass
is odd under r → −r. This transformation property, however, is not at all obvious. It can
be proven in perturbation theory if one defines the critical mass in terms of the pole of the
lattice quark propagator [19], but it is likely not to be true non-perturbatively. For example,
even if the symmetry properties of the lattice theory imply that the pion mass satisfies [9]
mπ(r,m0) = mπ(−r,−m0) (13)
as a function of r and the bare quark mass m0, one cannot conclude that the critical mass,
implicitly defined by
mπ(r,Mcr(r)) = 0, (14)
is an odd function in r. Of course, property (13) implies
0 = mπ(−r,Mcr(−r)) = mπ(r,−Mcr(−r)), (15)
hence both Mcr(r) and −Mcr(−r) are solutions of (14). If equation (14) has exactly one
solution this implies that Mcr(r) is indeed an odd function of r. However, as soon as (14)
has two or more solutions, this is no longer guaranteed.
We emphasize that the existence of a massless pion at non-zero lattice spacing is not
trivial since chiral symmetry is explicitly broken by the Wilson term even if the bare mass
is set to zero. A scenario for how a massless pion is realized at non-zero lattice spacing
has been proposed a long time ago in Ref. [19]. The expected phase diagram for Wilson
fermions is sketched in figure 1. The solid line represents a second order phase transition
line where parity and flavor are spontaneously broken. As a consequence of this spontaneous
parity-flavor symmetry breaking the pion mass vanishes along this line. Therefore this phase
5
M−4r −2r 0 2r 4r
g2
∞
0
〈ψ¯iγ5τ 3ψ〉 6= 0
B
〈ψ¯iγ5τ 3ψ〉 = 0
AA
A A A A
FIG. 1: Phase diagram for Nf = 2 lattice QCD with Wilson fermions, where M ≡ m0a+ 4r. The
parity and flavor symmetries are spontaneously broken in phase B.
diagram implies the existence of multiple solutions (two for large g2 and ten for small g2) to
the defining equation (14) for the critical mass.
Figure 1 is also naturally predicted by WChPT as one of two possible scenarios for the
phase diagram for Wilson fermions [22].2 Moreover, the presence of an r-even contribution
inMcr(r) at O(a2) has been explicitly shown. This contribution manifests itself as the width
of the “fingers” in the phase diagram where parity and flavor are spontaneously broken.
In view of these results we assume Mcr(r) to have the structure
Mcr(r) =Modd(r) + a
2cMeven(r) ≡ M (1)cr (r) (16)
where Modd(r) is odd and Meven(r) is even under r → −r. The unknown coefficient c is of
mass dimension two and its size is of O(Λ2QCD). Performing the transformation r → −r we
2 In the second scenario no massless pion appears for non-zero lattice spacing. We come back to this in
section V.
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obtain a second independent solution
−Mcr(−r) =Modd(r)− a2cMeven(r) ≡ M (2)cr (r) (17)
to eq. (14). These two solutions correspond to the two critical lines near the physical
continuum limit, defined at m0 = 0 (or M = 4r) and g
2 = 0 in Fig. 1, and their distance is
of O(a2).
There exist other definitions for the critical mass than eq. (14). For example, one can
define it in terms of the quark mass entering the PCAC relation. All these definitions differ
by terms of O(a), and it is again not obvious that a particular definition is odd in r. As
long as one has not proven this it seems more appropriate to assume the form in eq. (16) as
the general structure for the critical mass. Of course, the details of the functions Modd(r)
and Meven(r) will differ for each definition of Mcr.
C. Subtleties at ω = ±pi/2
Let us assume expression (16) for the critical mass and let us see what the consequences
are for automatic O(a) improvement at maximal twist. Since the additional contribution
in Mcr is of O(a2), the equations (7) and (8) still hold in the presence of the Meven term.
However, eq. (10) is modified and now reads
ψ¯ph(x)
[(
−ar
2
∑
µ
∇⋆µ∇µ +Mcr(r)
)
exp(−i
(
π +
π
2
)
γ5τ3) +mq
]
ψph(x)
= ψ¯ph(x)
[(
−a−r
2
∑
µ
∇⋆µ∇µ +Mcr(−r)
)
exp(−iπ
2
γ5τ3)
−2a2cMeven exp(−iπ
2
γ5τ3) +mq
]
ψph(x)
= ψ¯ph(x)
[(
−a−r
2
∑
µ
∇⋆µ∇µ +Mcr(−r)
)
exp(−iπ
2
γ5τ3) +m
′
q exp(iω
′γ5τ3)
]
ψph(x),(18)
where we have defined
m′q =
√
m2q + (2a
2cMeven(r))2, tanω
′ =
2a2cMeven(r)
mq
. (19)
Performing a basis change similar to (3) with the angle ω′, eq. (11) for the twist average
gets also modified and is now given by
〈O〉TA(r,mq, ω = π
2
) =
1
2
[
〈O〉(r,mq, ω = π
2
) + 〈O〉(−r,m′q, ω =
π
2
+ ω′)
]
. (20)
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The twist average is therefore no longer equal to the Wilson average. In order to still prove
〈O〉TA(r,mq, ω = π
2
) = 〈O〉cont(mq) +O(a2), (21)
the new mass parameter m′q and the angle ω
′ must satisfy the conditions
m′q = mq +O(a2), ω′ = O(a2). (22)
The condition form′q is automatically satisfied, but the condition for ω
′ leads to the inequality
mq ≫ a2Λ3QCD (23)
in order to guarantee automatic O(a) improvement at ω = ±π/2.
D. Alternative definition for ω = ±pi/2
In this subsection, we propose an alternative definition for the twist angle ω. Setting
this angle to the values ±π/2 results in automatic O(a) improvement for ω-even quantities
without any restriction on the size of mq.
We first define Mcr(r) as the point where the pion mass vanishes in the infinite volume
limit of lattice QCD at zero twisted mass. This definition ofMcr(r) is unambiguous, contrary
to other definitions such as a vanishing quark mass in the axial vector Ward-Takahashi
identity, sinceMcr(r) is equivalent to a second order phase transition point of the spontaneous
parity-flavor breaking [19, 20, 21, 22]. Secondly, as we already discussed, there exist (at least)
two independent values of Mcr(r), given in (16) and (17), which are related to each other by
M (1)cr (r) = Mcr(r), M
(2)
cr (r) = −Mcr(−r) . (24)
Neither of these solutions is odd in r. However, we can define
M cr(r) =
Mcr(r)−Mcr(−r)
2
= −M cr(−r), (25)
∆Mcr(r) =
Mcr(r) +Mcr(−r)
2
= ∆Mcr(−r), (26)
and M cr(r) is by construction odd in r. In terms of M cr and ∆Mcr we now propose an
alternative definition for the twist angle ω, which in the physical basis reads
ψ¯ph(x)
[(
−ar
2
∑
µ
∇⋆µ∇µ +M cr(r)
)
exp(−iwγ5τ3) +mq +∆Mcr(r)
]
ψph(x). (27)
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With this definition the Wilson average WA is the average over (m0 = M
(1)
cr (r) + mq, r)
and (m0 = −M (2)cr (r) + mq, −r), which seems to be the natural choice in the presence of
two values for Mcr. Similarly, the mass average MA is the average over m0 = M
(1)
cr (r) +mq
and m0 = M
(2)
cr (r)−mq with r fixed. Both averages are O(a) improved, since M cr(r) is odd
under a sign flip in r, which is the crucial property for showing O(a) improvement.
At ω = −π/2 = π + π/2 one can show
ψ¯ph(x)
[
−
(
−ar
2
∑
µ
∇⋆µ∇µ +M cr(r)
)
exp(−iπ
2
γ5τ3) +mq +∆Mcr(r)
]
ψph(x)
= ψ¯ph(x)
[(
−a−r
2
∑
µ
∇⋆µ∇µ +M cr(−r)
)
exp(−iπ
2
γ5τ3) +mq +∆Mcr(−r)
]
ψph(x).
This proves that the twist average at ω = ±π/2 is indeed equal to the Wilson average
without any restrictions on the size of mq.
Let us discuss the meaning of the definition in eq. (27). For ω = 0 and bare mass values
M
(2)
cr (r) < m0 < M
(1)
cr (r) parity and flavor are spontaneously broken and the condensate
〈ψ¯iγ5τ3ψ〉 is non-zero. There is a second order phase transition at the critical values M (1)cr (r)
andM
(2)
cr (r) where the pion mass vanishes. If one turns on a twisted mass by choosing ω 6= 0,
this phase transition becomes a crossover and no massless pion appears. The point M cr(r)
is the center of the parity-flavor broken phase, where the parity-flavor breaking is maximal,
i.e. |〈ψ¯iγ5τ3ψ〉| takes its largest value. In this sense a twisted mass term with ω = ±π/2
corresponds to maximal twist.
With the definition of ω = ±π/2 in Ref.[9] via M (1)cr (r), the massless limit of a maximally
twisted quark mass coincides with the massless limit of an untwisted quark mass for conven-
tional Wilson fermions. There exists no argument that massless Wilson fermions are O(a)
improved, and it is therefore not surprising that an uncanceled O(a) contribution remains
when the maximally twisted mass, defined in Ref.[9], is made smaller and smaller. This has
also been realized in Ref.[9]. The authors argued that the spontaneous breaking of chiral
symmetry should be dominated by the mass term and not by lattice artifacts if one wants to
extract physical information from Greens functions. Consequently they imposed the bound
mq ≫ a2Λ3QCD and argued that the chiral limit should only be approached under this condi-
tion. As we have shown here, no such bound needs to be imposed as long as one defines the
twist angle appropriately. Automatic O(a) improvement at maximal twist can be achieved
without any restriction on the quark mass, and it is irrelevant whether the vacuum state is
9
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FIG. 2: Two different definitions for the twist angle. The angle ω has been defined in Ref.[9], the
angle ω′ corresponds to the definition in eq. (27).
determined by the mass term or by the lattice artifacts.
The two different definitions of the twist angle are sketched in figure 2. The angles are
approximately equal as long as either m or µ is much larger than M cr(r). Note that for
constant ω = π/2 the angle ω′ goes to zero with µ→ 0.
We finally note that themq → 0 limit should be taken after the infinite volume limit. This
is the usual requirement in the case that a global symmetry is (expected to be) spontaneously
broken. In practice one should extrapolate the results calculated at non-zero mq to the
massless point in sufficiently large volume.
III. WILSON CHIRAL PERTURBATION THEORY (WCHPT)
In this section we study the question of automatic O(a) improvement in the chiral effective
theory of tmLQCD, i.e. Wilson Chiral Perturbation Theory. As an example we compute the
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tree level pion mass including the lattice spacing effects through O(a2) for various definitions
of the twist angle, and we explicitly show under what conditions the leading lattice spacing
effects of O(a) cancel at maximal twist.
A. Chiral effective Lagrangian
The chiral effective Lagrangian for low-energy tmLQCD has been constructed in Refs.
[23, 24], where it has been used to analyze the phase diagram of tmLQCD as a function of
the quark mass and the lattice spacing (see also Refs. [25, 26, 27] for similar results on the
phase diagram). In terms of the SU(2) matrix-valued field Σ, which transforms under chiral
transformations as Σ→ LΣR†, the chiral Lagrangian in Ref. [23] reads
Lχ = f
2
4
〈∂µΣ∂µΣ†〉 − f
2
4
〈mˆ†Σ + Σ†mˆ〉 − f
2
4
〈aˆ†Σ + Σ†aˆ〉
− L1〈∂µΣ∂µΣ†〉2 − L2〈∂µΣ∂νΣ†〉〈∂µΣ∂νΣ†〉
+ (L4 + L5/2)〈∂µΣ†∂µΣ〉〈mˆ†Σ + Σ†mˆ〉
+ (W4 +W5/2)〈∂µΣ†∂µΣ〉〈aˆ†Σ + Σ†aˆ〉
− (L6 + L8/2)〈mˆ†Σ + Σ†mˆ〉2
− (W6 +W8/2)〈mˆ†Σ + Σ†mˆ〉〈aˆ†Σ + Σ†aˆ〉
− (W ′6 +W ′8/2)〈aˆ†Σ+ Σ†aˆ〉2. (28)
The angled brackets denote traces over the flavor indices and the short-hand notation
mˆ = 2BmRe
iωτ3 ≡ 2B(m+ iµτ3). aˆ = 2W0 a , (29)
is used [28]. Here mR, ω and a denote the (renormalized) quark mass, twist angle and lattice
spacing. The coefficients B and W0 are unknown low-energy parameters of dimension one
and three, respectively, and f is the pion decay constant in the chiral limit. The Li’s are the
usual Gasser-Leutwyler coefficients of continuum chiral perturbation theory [29, 30], while
the Wi’s and W
′
i ’s are additional low-energy parameters associated with the non-zero lattice
spacing contributions [14, 16].
The chiral Lagrangian in Ref. [23] contains some more terms than (28) since it includes
external sources for vector and axial-vector currents as well as for scalar and pseudo-scalar
densities. We do not need these terms in the following and have set them to zero.
11
In the Lagrangian (28) the twist angle is associated with the mass term. Performing the
transformation
Σ → e−iω2 τ3Σe−iω2 τ3 , (30)
the twist angle can be shuffled to the lattice spacing. The Lagrangian is the same as in eq.
(28), but now parameterized in terms of
mˆ = 2BmR, aˆ = 2W0 ae
−iωτ3 . (31)
B. Gap equation
In this section we derive a gap equation for the ground state of the chiral effective theory.
For our purposes it will be enough to only consider the terms of O(m, a, a2) in the potential
energy, which are given by
Vχ =
f 2
4
〈mˆ†Σ + Σ†mˆ〉+ f
2
4
〈aˆ†Σ+ Σ†aˆ〉+ (W ′6 +W ′8/2)〈aˆ†Σ + Σ†aˆ〉2 . (32)
We assume the ansatz
Σ0 = e
iφτ3 (33)
for the vacuum expectation value (VEV) of the field Σ. In general, the ground state con-
figuration could have a contribution pointing into a direction orthogonal to τ3. However, as
has already been shown in Refs. [23, 27], this is not realized for the potential (32). With
this ansatz the potential energy becomes
Vχ = f
22BmR cos(φ− ω) + f 22W0a cosφ− f 2c2a2 cos2 φ, (34)
where we introduced the short-hand notation3
c2 = −32 (2W ′6 +W ′8)
W 20
f 2
. (35)
In the following we always assume this parameter to be positive, since this sign corresponds
to the scenario with spontaneous parity-flavor breaking [22]. The ground state is determined
by the gap equation.
dVχ
dφ
= f 22BmR sin(φ− ω) + f 22W0a sinφ− 2f 2c2a2 sin φ cosφ = 0, (36)
3 Note that our definition for c2 differs by a factor of f
2a2 from the one in Ref. [23]. Furthermore, we have
dropped the terms proportional to the quark mass.
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which can be rewritten in terms of m and µ (defined in eq. (29)) as
2Bµ cosφ = sin φ
(
2Bm+ 2W0a− 2c2a2 cosφ
)
. (37)
This equation is invariant under the sign reversal µ→ −µ, φ→ −φ. This implies that once
we have found a solution for positive values of µ we have also found the solution for negative
twisted mass values. Hence, without loss of generality we can assume µ to be positive and
we can take the square of equation (37). Setting
t = cosφ (38)
the squared gap equation can be brought into the form
α2t2 = (χ− t)2(1− t2), (39)
where we introduced
α =
2Bµ
2c2a2
, χ =
2Bm+ 2W0a
2c2a2
. (40)
We give some approximate solutions to the gap equation in section IIID, but some general
statements about the solutions can be made just from the structure of eq. (39). As long as
χ is larger than 1 the gap equation has always two solutions, one positive and one negative
one. Only for |χ| < 1 it can have up to four solutions. If α 6= 0 the modulus of the solution
is strictly smaller than 1 and t goes to zero for α → ∞. Finally, t = 0 is a solution only if
χ = 0.
C. Pion mass formulae
In order to calculate the pion masses we expand Σ around the vacuum configuration Σ0.
As usual we parametrize the field Σ in terms of the pion fields according to
Σ(x) = Σ0 exp
( 3∑
i=1
iπi(x)τi/f
)
. (41)
Using this form in expression (32) for the potential energy we expand in powers of the pion
fields. The contribution quadratic in π reads
Vχ,quad =
1
2
[(
2BmR cos(φ− ω) + 2W0a cosφ− 2c2a2 cos2 φ
)
π · π + 2c2a2 sin2 φ π23
]
,(42)
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and the pion masses are therefore given by
m2πa = 2BmR cos(φ− ω) + 2W0a cosφ− 2c2a2 cos2 φ, a = 1, 2, (43)
m2π3 = m
2
πa + 2c2a
2 sin2 φ. (44)
Multiplying the gap equation (37) by sinφ one easily finds
2BmR cos(φ− ω) + 2W0a cosφ− 2c2a2 cos2 φ = 2Bm+ 2W0a
t
− 2c2a2, (45)
which can be used to rewrite the pion mass formulae as
m2πa =
2Bm+ 2W0a
t
− 2c2a2, a = 1, 2, (46)
m2π3 = m
2
πa + 2c2a
2(1− t2). (47)
As expected, the pions are degenerate only for t = 1, i.e. when Σ0 is proportional to the
identity and the flavor symmetry is unbroken. The appearance of t in the denominator in
eq. (46) does not imply a divergence in the pion mass, since t = 0 is a solution to the gap
equation only if 2Bm+ 2W0a = 0. This is evident from the alternative expression
m2πa =
2Bµ√
1− t2 , a = 1, 2, (48)
for the pion mass, which is easily obtained by rewriting eq. (39) as
α2
1− t2 =
(χ
t
− 1
)2
. (49)
This form is valid as long as t2 6= 1.
Note that the pion mass in the untwisted case does not vanish for m = 0. Even though
the definition of the quark mass m includes the subtraction of the additive renormalization
proportional to 1/a, it does not include the full subtraction of the critical quark mass [22].
Note in particular the contribution 2c2a
2 to the critical quark mass, which corresponds to
the r-even contribution in our ansatz eq. (16).
D. VEV and pion masses
In this section we present some approximate solutions to the gap equation (39). Approx-
imate solutions will be sufficient for our purposes, since we are mainly interested in generic
cases where the quark mass m and/or the twisted mass µ is either much larger or much
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smaller than the lattice artifacts. In these cases the gap equation usually simplifies and an
approximate solution is easily found.
Consider, for example, the case where both 2Bm+ 2W0a and 2Bµ are much larger than
2c2a
2, i.e. χ≫ 1 and α≫ 1. In this case we can approximate the gap equation by
α2t20 = χ
2(1− t20), (50)
and the approximate solution t0 ≈ t is readily found to be
t0 =
χ√
χ2 + α2
. (51)
Once we have found the dominant part t0 of the solution, we write t = t0− δ and substitute
this into the gap equation. Since the correction satisfies δ ≪ t0 we only keep the terms linear
in δ, and the resulting equation is easily inverted to give δ. The result for t can then be
used in eqn. (46) and (47) in order to obtain approximate expressions for the pion masses.
Using this procedure we find the following approximate solutions for the gap equation:
1. χ≫ 1 and α≫ 1 (i.e. 2Bm+2W0a ≥ O(a) and 2Bµ ≥ O(a)). We set t = t0− δ and
find
t0 =
χ√
χ2 + α2
, δ =
α2χ
(χ2 + α2)2
. (52)
In this case the pion masses become
m2πa = 2c2a
2
[√
χ2 + α2 − χ
2
χ2 + α2
]
, (53)
∆m2π ≡ m2π3 −m2πa = 2c2a2
α2
χ2 + α2
. (54)
2. χ ≈ 1 and α≫ 1 (i.e. 2Bm+ 2W0a = O(a2) and 2Bµ ≥ O(a)). Again, t = t0 − δ,
t0 =
χ
α
, δ =
χ
α2
, (55)
m2πa = 2c2a
2
[
α
1− 1/α − 1
]
≃ 2c2a2α +O
(
a2
α
)
(56)
∆m2π = 2c2a
2
[
1− χ
2
α2
]
≃ 2c2a2. (57)
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3. χ > 1 and χ ≫ α (i.e. 2Bm + 2W0a ≫ 2Bµ). The solution of the gap equation is
close to one in this case. We define t = 1− δ and find
2δ =
α2
(χ− 1)2 + α2 , (58)
m2πa = 2c2a
2 [χ− 1 + χδ] , (59)
∆m2π = 4c2a
2δ. (60)
4. χ < 1 and χ≫ α (i.e. 2Bm+ 2W0a)≫ 2Bµ. In this case we define t = χ− δ,
δ =
αχ√
1− χ2 , (61)
m2πa = 2c2a
2 δ
χ− δ ≃ 2c2a
2 δ
χ
= 2c2a
2 α√
1− χ2 , (62)
∆m2π = 2c2a
2
[
1− χ2 + 2χδ] . (63)
5. χ = 1 and χ ≫ α (i.e. 2Bm + 2W0a = 2c2a2 and 2Bm + 2W0a ≫ 2Bµ). We define
t = 1− δ and find
2δ = (2α)2/3 , (64)
m2πa = c2a
2 (2α)2/3 , (65)
∆m2π = 2c2a
2 (2α)2/3 . (66)
E. Twist angle from the Ward-Takahashi identities
In the continuum formulation of twisted mass QCD one can derive the vector and axial-
vector Ward-Takahashi (WT) identities [1]
∂µV
a
µ = −2µǫ3abP b, ∂µAaµ = 2mP a + 2iµS0δa3, (67)
where the currents and densities are given as
V aµ = ψ¯γµt
aψ, Aaµ = ψ¯γµγ5t
aψ, S0 = ψ¯ψ, P a = ψ¯γ5t
aψ. (68)
A twist angle ωWT can be defined by
tanωWT =
〈∂µV 2µ P 1〉
〈∂µA1µ P 1〉
. (69)
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Using the WT identities (67) one can easily establish tanωWT = µ/m, i.e. the twist angle
defined by the WT identities coincides with the one in the action.
Similarly, a twist angle ωWT can be defined in Lattice tmQCD. Due to the explicit
breaking of chiral symmetry, however, the WT identity for the axial vector receives additional
contributions proportional to powers of the lattice spacing. These contributions can be
made explicit by deriving the WT identities on the basis of the Symanzik action for Lattice
tmQCD: The Pauli term at O(a), for example, will give rise to contributions linear in a on
the right hand side of the axial-vector WT identity in (67).
The ratio on the right hand side of (69) can also be computed in the chiral effective
theory. To do this we first derive the vector and axial-vector WT identities in the effective
theory. Vector and axial-vector transformations of the field are defined by
Σ → LΣR†, (70)
where
R = ei(θ
a
V
+θa
A
)τa , L = ei(θ
a
V
−θa
A
)τa . (71)
For a vector transformation (θaA = 0) we have L = R, while a pure axial-vector transforma-
tion is defined by θaV = 0 and satisfies L = R
†. Under an infinitesimal local variation the
field transforms as
δΣ = iθaV [τa,Σ] + iθ
a
A{τa,Σ}, (72)
δΣ† = iθaV [τa,Σ
†]− iθaA{τa,Σ†}, (73)
and the variation of the kinetic term plus the potential energy (32) in the Lagrangian is
given by
δL = iθaV
[−∂µV aµ +XaV ]+ iθaA [−∂µAaµ +XaA] , (74)
where
V aµ =
f 2
2
〈τa
(
Σ†∂µΣ + Σ∂µΣ
†
)〉, (75)
Aaµ =
f 2
2
〈τa
(
Σ†∂µΣ− Σ∂µΣ†
)〉, (76)
XaV = −f 22
2Bµ
4
ǫ3abP b, (77)
XaA = f
22(2Bm+ 2W0a)− c2a2S0
4
P b − if 222Bµ
4
S0δa3. (78)
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In the last two lines we introduced P a = 〈τa(Σ− Σ†) and S0 = 〈Σ+ Σ†〉. The variation δL
implies the WT identities
∂µV
a
µ = X
a
V , ∂µA
a
µ = X
a
A, (79)
which are the analogue of eq. (67) in the effective theory. Using eqs.(77, 78) we find
tanωWT =
〈X2V P 1〉
〈X1A P 1〉
=
2Bµ
2Bm+ 2W0a− 2c2a2 cosφ =
α
χ− t , (80)
where we used the expansion
〈S0 P 1 P 1〉 = 4 cosφ〈P 1 P 1〉+ 〈O(π3)〉 (81)
and dropped the terms cubic in the pion fields. Setting a = 0 in (80) we recover the
continuum result tanωWT = µ/m.
IV. MAXIMAL TWIST AND O(a) IMPROVEMENT
In this section we study the question of automatic O(a) improvement at maximal twist in
the case of the pion mass. Before doing this we want to emphasize that setting the angle ω in
the chiral Lagrangian to π/2 neither corresponds to maximal twist in the sense of Ref.[9] nor
in the sense of definition (27). The reason is the parameterization of the chiral Lagrangian
in terms of a renormalized mass that does not contain the O(a) and O(a2) contributions to
the critical mass. It is, however, not difficult to define the previously discussed twist angles
in terms of the parameters in the chiral Lagrangian.
A. ω = pi/2
In order to illustrate the possible subtleties of O(a) improvement we first consider the
case where the twist angle in the chiral Lagrangian is taken to be π/2. With this choice we
have µ = mR, and we need to discuss the following two cases:
1. 2Bµ = 2BmR ≥ O(a). This corresponds to case 1 in section IIID and the pion mass
is given by
m2πa =
√
(2Bµ)2 + (2W0a)2, (82)
∆m2π = 2c2a
2 (2Bµ)
2
(2Bµ)2 + (2W0a)2
. (83)
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It is obvious that the pion mass is O(a) improved for 2Bµ ≫ 2W0a: m2πa ≈ 2Bµ +
O(a2). On the other hand, an O(a) correction to the continuum relation m2πa = 2Bµ
is present for 2Bµ ≈ 2W0a.
2. 2Bµ = 2BmR ≪ 2W0a . In this case we find
m2πa = 2W0a− 2c2a2 +
(2Bµ)2
2W0a
, (84)
∆m2π = 2c2a
2 (2Bµ)
2
(2W0a)2
≪ O(a2). (85)
Therefore the O(a) term is present in the pion mass. In the massless limit the pion
mass does not vanish and is instead given by m2πa = 2W0a− 2c2a2 6= 0.
Automatic O(a) improvement is guaranteed only for µ = O(1) = O(ΛQCD) if we define
maximal twist as ω = π/2.
Note that the twist angle defined through the WT identities is given by
tanωWT ≃ 2Bµ
2W0a
6=∞. (86)
Therefore ωWT = π/2 + O(a) for 2Bµ = O(1) and ωWT ≈ 0 for 2Bµ ≪ 2W0a. This
result is consistent with the above observation that the pion mass is O(a) improved only for
µ = O(1).
B. Maximal twist of Frezzotti and Rossi
In Ref.[9] the twist angle is defined by
(m0 −Mcr(r))eiω′τ3γ5 (87)
in lattice QCD. Up to quadratic order in the lattice spacing this corresponds to
2Bm′Re
iω′τ3 = (2Bm+ 2W0a− 2c2a2) + i2Bµ τ3 (88)
in the effective theory. The angle ω′ is related to the parameters in the effective Lagrangian
by
tanω′ =
2Bµ
2Bm+ 2W0a− 2c2a2 =
2BmR sinω
2BmR cosω + 2W0a− 2c2a2 , (89)
and ω′ = π/2 corresponds to 2Bm+ 2W0a = 2c2a
2. As before we consider two cases, which
correspond to the cases 2 and 5 of subsection IIID:
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1. 2Bµ ≥ O(a).
m2πa = 2Bµ, (90)
∆m2π = 2c2a
2. (91)
The result is O(a) improved in this case. The twist angle from the WT identities is
given by
tanωWT ≃ 2Bµ
2c2a2
, (92)
so that ωWT = π/2+O(a2) for 2Bµ = O(1), while ωWT = π/2+O(a) for 2Bµ = O(a).
2. 2Bµ≪ 2c2a2.
m2πa = (c2a
2)1/3(2Bµ)2/3, (93)
∆m2π = 2(c2a
2)1/3(2Bµ)2/3. (94)
Although all pion masses vanish in the µ → 0 limit, the power µ2/3 is different from
the behavior in the continuum limit, where the pion masses vanish linearly with µ.
The fractional power 2/3 is the mean-field critical exponent for the second order phase
transition: As the external field µ decreases, the correlation length diverges as µ−1/3
at T = Tc.
The twist angle from the WT identities becomes
tanωWT ≃
(
2Bµ
2c2a2
)1/3
. (95)
Therefore ωWT 6= π/2. In particular ωWT = 0 at µ = 0.
It seems that automatic O(a) improvement holds only for 2Bµ ≥ O(a2Λ4QCD) if we define
maximal twist by the condition 2Bm+ 2W0a− 2c2a2 = 0.
C. New proposal for maximal twist
Finally we consider the alternative definition for the twist angle proposed in Sect. IID.
In tmLQCD it is defined by(
m0 − Mcr(r)−Mcr(−r)
2
)
eiω˜τ3 , (96)
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where Mcr(r) = M
(1)
cr (r) is the critical quark mass as a function of r given in Sect. IID.
This definition corresponds in the effective theory to
tan ω˜ =
2Bµ
2Bm+ 2W0a
=
2BmR sinω
2BmR cosω + 2W0a
. (97)
Maximal twist ω˜ = π/2 therefore implies 2Bm+2W0a = 0. In this case t = cosφ = 0 is the
solution of the gap equation, but since the expression (46) for the pion mass is ill-defined in
this case, we have to calculate the ratio (2Bm+ 2W0a)/t in the 2Bm+ 2W0a→ 0+ limit.
Since t≪ 1 is the solution for χ≪ 1, we can solve the approximate gap equation
α2t2 = (χ− t)2. (98)
The solution is given by
t =
2Bm+ 2W0a
2Bµ+ 2c2a2
, (99)
and we therefore obtain
m2πa = 2Bµ, (100)
∆m2π = 2c2a
2, (101)
for the pion masses. This result can also be derived from the expression (48) which is valid
for all t2 6= 1. In this case, O(a) improvement is automatically satisfied, irrespective of the
value of 2Bµ.4
In addition to the result for the pion masses, the twist angle from the WT identities is
calculated as
tanωWT =
2Bµ+ 2c2a
2
2Bm+ 2W0a
. (102)
In the limit 2Bm+ 2W0a→ 0+ we consistently obtain ω˜ = ωWT = π/2.
We want to emphasize that our analysis only shows that the leading term linear in the
lattice spacing a is absent in the result for the pion mass. There are, of course, subleading
terms proportional to amk which must be absent too. In order to show this explicitly one
4 This result is only true for the squared pion masses. The mass itself of the neutral pion, mpi3 , is of O(a) for
2Bµ ≪ 2c2a2. This has similarities to staggered fermions. Even though the staggered fermion action is
automatically O(a) improved, the non-Goldstone pion masses are of O(a) for small quark masses [31, 32].
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has to consistently include higher order terms in the expression for the potential energy (32)
and the gap equation. This is possible in principle. In practice, however, even the discussion
of the O(am) contribution becomes much more involved and goes beyond the scope of this
paper.
V. FINAL REMARKS
We pointed out a caveat in the proof for automatic O(a) improvement in tmLQCD at
maximal twist if the twist angle is defined as in Ref. [9]. The proof hinges on the fact
that the critical quark mass is an odd function of the Wilson parameter r. This property,
however, does not hold for the critical quark mass defined as the value where the pion
becomes massless, and it is probably not true for other definitions of the critical mass
that are currently used. As a result one has to impose the bound mq ≫ a2Λ3QCD in order
to guarantee automatic O(a) improvement at maximal twist. In this paper we gave an
alternative definition for the twist angle which does not require such a restriction on the
quark mass. Automatic O(a) improvement can be achieved even if the bound mq ≫ a2Λ3QCD
is not satisfied, provided the twist angle is properly defined.
Having O(a) improvement without a restriction on the quark mass is quite relevant for
numerical lattice simulations. Keeping the quark mass large enough such that the inequality
mq ≫ a2Λ3QCD is satisfied would imply fairly large quark and consequently pion masses. To
be more explicit let us assume approximately 300 MeV for the scale ΛQCD. In order to satisfy
the bound for a lattice spacing of about 0.1 fm (which is already rather small) we need to
keep the quark mass larger than half the strange quark mass. This would compromise one
of the main motivations for using twisted mass lattice QCD, namely that one can simulate
fairly light quark masses.
Our alternative definition for the twist angle involves the average M cr = (M
(1)
cr +M
(2)
cr )/2
over two values for the critical mass. In practice, however, it might be unnecessary to
determine these two values independently in a numerical simulation. The analysis in the
chiral effective theory has shown that our definition for the twist angle coincides with the
twist angle defined by the WT identities in the case of maximal twist. Tuning the bare
untwisted mass parameter in a simulation such that the denominator in (69) vanishes realizes
therefore maximal twist.
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A crucial property for automatic O(a) improvement is eq. (4) which states that the
critical mass is an odd function of the Wilson parameter r. This cannot be guaranteed if the
defining equation (14) for the critical mass has more than one solution. This is the case if
the massless pion is realized by the spontaneous breakdown of parity and flavor [19, 20, 21].
As we already mentioned, it is also possible that equation (14) has no solution at all and
that the pion is never massless at non-zero lattice spacing. This scenario also emerges quite
naturally in WChPT as the alternative to the case where parity and flavor are spontaneously
broken [22]. Recent numerical results suggest that this scenario might be realized when the
Wilson plaquette action and the unimproved Wilson fermion action is employed [33, 34, 35].
Although further confirmation for the existence of this scenario is needed, let us briefly
consider this case here. Without a solution for the defining equation (14) we have to look
for a different definition of Mcr. A natural choice might be that the pion masses assume
their minimal value for m0 = Mcr (in infinite volume). This is an unambiguous definition
since this point corresponds to a first order phase transition, at least in the framework of
the chiral effective theory [22, 23]. Furthermore, the analysis in the chiral effective theory
shows that this minimum is unique. Consequently, this Mcr is odd under the sign flip in r
and the arguments for automatic O(a) improvement in Ref. [9] can be applied. Our analysis
of O(a) improvement for the pion mass in the chiral effective theory can also be performed
for this scenario, and the relevant steps are presented in appendix A.
The numerical results in Ref. [35] have been obtained with the standard Wilson plaquette
action and the unimproved Wilson fermion action. It is unknown how a change in the
lattice action, for example by adding a clover term, influences the results. A different
lattice action can, at least in principle, affect the size and/or sign of the coefficient c2 in the
chiral Lagrangian of the effective theory, which eventually determines the phase diagram of
tmLQCD close to the continuum limit.
Lattice actions with good scaling properties are important for numerical simulations.
Automatic O(a) improvement at maximal twist may give us an extra handle to achieve this.
We no longer need to fix the coefficient of the clover term in order to cancel the linear cut-off
artifacts. It is an interesting question whether one can tune this coefficient in order to make
c2 substantially smaller, i.e. to reduce cut-off artifacts at O(a2).
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APPENDIX A: THE c2 < 0 CASE
It has been pointed out recently that tmLQCD undergoes a first order phase transition
at small µ for β = 5.2 [35]. The authors interpret the existence of this first order phase
transition as the alternative scenario in WChPT where c2 < 0 [22]. Motivated by these
results we extend our analysis to this case. (A similar analysis has already been made in
Refs.[23, 25, 27].)
At µ = 0, the vacuum expectation value has a gap at c˜1 = 2BmR + 2W0a = 0:
Σ0 =

 1 for c˜1 > 0−1 for c˜1 < 0 . (A1)
Accordingly the pion masses become
m2πa = m
2
π3 = |c˜1| − 2c2a2 (A2)
and remain massive for c˜1 = 0,
m2πa = m
2
π3
= −2c2a2 > 0. (A3)
We now consider how this result changes for non-zero µ by solving approximately the gap
equation (39).
1. Small µ (2Bµ≪ |c˜1| − 2c2a2)
The first order phase transition persists in this case:
t =

 1− δ for c˜1 > 0−1 + δ for c˜1 < 0 , (A4)
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where
δ =
1
2
(
2Bµ
|c˜1| − 2c2a2
)2
= O(µ2). (A5)
The pion masses are given by
m2πa = |c˜1|(1 + δ)− 2c2a2 (A6)
∆m2π = 4c2a
2δ < 0. (A7)
The point where the first order phase transition occurs (c˜1 = 0) corresponds to maxi-
mal twist according to our new proposal, ω˜ = ±π/2.
2. Large µ (2Bµ≫ |c˜1| − 2c2a2)
For large µ we can neglect the term proportional to c2 in eq. (36) and the first order
phase transition disappears:
t =
c˜1√
c˜21 + (2Bµ)
2
. (A8)
Therefore |t| < 1 and no gap exits at c˜1 = 0. The pion masses are given by
m2πa =
√
(2Bµ)2 + c˜21 − 2c2a2 (A9)
∆m2π = 2c2a
2 (2Bµ)
2
(2Bµ+ c˜21)
2
< 0. (A10)
3. General µ for c˜1 = 0
In order to estimate the value of µ at which the first order phase transition disappears,
we consider the case c˜1 = 0 for arbitrary values of µ. In this case, the solution to the
gap equation is given by
t =


√
1− (2Bµ)
2
(2c2a2)2
, |2Bµ| < −2c2a2, c˜1 → 0+
−
√
1− (2Bµ)
2
(2c2a2)2
, |2Bµ| < −2c2a2, c˜1 → 0−
0, |2Bµ| ≥ −2c2a2, for all c˜1
. (A11)
Therefore there is no first order phase transition for |2Bµ| > −2c2a2, and 2Bµ =
∓2c2a2 are the two endpoints of the first order phase transition line. It is easy to
verify that the solution, expanded in term of small µ as
t =


1− 1
2
(2Bµ)2
(2c2a2)2
, |2Bµ| < −2c2a2, c˜1 → 0+
−1 + 1
2
(2Bµ)2
(2c2a2)2
, |2Bµ| < −2c2a2, c˜1 → 0−
, (A12)
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agrees with the one in eq.(A4) for c˜1 = 0. The corresponding pion masses are given
by
m2πa =

 −2a
2c2, |2Bµ| < −2c2a2
|2Bµ|, |2Bµ| ≥ −2c2a2
, (A13)
∆m2π =

 2c2a
2
(
2Bµ
2c2a2
)2
< 0, |2Bµ| < −2c2a2
2c2a
2 < 0, |2Bµ| ≥ −2c2a2
. (A14)
Thereforem2π3 = 0 at the two endpoints of the first order phase transition line, |2Bµ| =
−2c2a2. According to eq.(97), c˜1 = 0 corresponds to ω˜ = π/2 (−π/2) for positive
(negative) values of µ.
Note that the mass difference is negative, i.e. the charged pions are heavier than the neutral
one, in contrast to the c2 > 0 case. Hence, as has already been pointed out in Ref. [27], the
sign of the coefficient c2 can be determined, at least in principle, by measuring the masses
of the charged and neutral pions.
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